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ABSTRACT
In this paper we use high-resolution cosmological simulations to study halo intrinsic alignment and
its dependence on mass, formation time and large-scale environment. In agreement with previous
studies using N-body simulations, it is found that massive halos have stronger alignment. For the
first time, we find that for given halo mass, older halos have stronger alignment and halos in cluster
regions also have stronger alignment than those in filament. To model these dependencies we extend
the linear alignment model with inclusion of halo bias and find that the halo alignment with its
mass and formation time dependence can be explained by halo bias. However, the model can not
account for the environment dependence, as it is found that halo bias is lower in clusters and higher in
filaments. Our results suggest that halo bias and environment are independent factors in determining
halo alignment. We also study the halo alignment correlation function and find that halos are strongly
clustered along their major axes and less clustered along the minor axes. The correlated halo alignment
can extend to scale as large as 100h−1Mpc where its feature is mainly driven by the baryon acoustic
oscillation effect.
Subject headings: dark matter — large-scale structure of universe — galaxies: halos — galaxies:
formation — methods: statistical
1. INTRODUCTION
Observational data from large sky surveys have clearly
shown that galaxies are aligned with each other and also
with the matter distribution on large-scale structure. On
galactic scales, the satellite galaxies are aligned with the
major axis of the central galaxy (e.g., Sales & Lambas
(2004), Brainerd (2005), Yang et al. (2005)). On scales
larger than a few h−1Mpc, the spin of spiral galaxies
are also correlated (e.g., Pen et al. (2000); Lee (2011)),
so is for the shape of galaxies (Brown et al. (2002),
Hirata et al. (2004), Heymans et al. (2004), Okumura
et al. (2009), Faltenbacher et al. (2009), Joachimi et al.
(2011), Joachimi et al. (2013), Singh et al. (2015)). The
galaxy shape alignment can be extended to very large
scale around 70-100h−1Mpc (Smargon et al. (2012), Li
et al. (2013)). Galaxies are also found to align with the
cosmic web (e.g., Lee & Erdogdu (2007), Zhang et al.
(2013)), though with dependence on galaxy mass and
morphology (Tempel & Libeskind (2013)). For a recent
review on the various kinds of galaxy alignment, we refer
the readers to the papers by Joachimi et al. (2015) and
KANG et al. (2017) (but in chinese language).
Among the above various galaxy alignments, the shape
correlation between galaxies on large scales is of great im-
portance as it is a major contamination to weak lensing
kangxi@pmo.ac.cn
1 Purple Mountain Observatory, the Partner Group of MPI
fu¨r Astronomie, 2 West Beijing Road, Nanjing 210008, China
2 Graduate School, University of the Chinese Academy of Sci-
ence, 19A, Yuquan Road, Beijing 100049, China
3 Center for Astronomy and Astrophysics, Shanghai Jiao Tong
University, Shanghai 200240, China
4 Key Laboratory for Research in Galaxies and Cosmology,
Department of Astronomy, University of Science and Technol-
ogy of China, Hefei, Anhui 230026, China
5 Astronomy Department and Center for Astrophysics, Ts-
inghua University, Beijing 10084, China
6 Department of Astronomy, University of Massachusetts,
Amherst MA 01003305, USA
surveys and precision cosmology requires a good under-
standing of galaxy alignment (e.g., Kirk et al. (2012)). N-
body simulations have been extensively used to study the
intrinsic alignment (IA) of dark matter halos since the
beginning of this century (e.g., Croft & Metzler (2000);
Heavens et al. (2000); Jing (2002)). These studies found
that halo IA is strong in massive halos and a useful fit-
ting formula is given in Jing (2002). To explain the ob-
served galaxy IA at low-redshifts, a mis-alignment be-
tween galaxy shape and halo has to be included (e.g.,
Kang et al. (2007); Faltenbacher et al. (2009); Okumura
et al. (2009); Li et al. (2013); Joachimi et al. (2013)).
However, it is not clear how the mis-alignment between
halo and galaxy shape should depend on galaxy prop-
erties. In recent years, cosmological hydro-dynamical
simulations are also used to directly measure galaxy IA
and its dependence on galaxy mass, luminosity and red-
shift (e.g., Dubois et al. (2014); Tenneti et al. (2015);
Velliscig et al. (2015); Chisari et al. (2016); Hilbert
et al. (2017)). These studies have found in common that
galaxy IA depends on luminosity and morphology. How-
ever, due to the difference of the adopted cosmology and
the uncertainty of implemented star formation physics,
the predicted galaxy IA are still different in detail from
the hydro-dynamical simulations. For a review on the
progress of measuring galaxy/halo IA using simulations,
please refer to the paper by Kiessling et al. (2015).
For a better understanding of the physical origin of
halo/galaxy IA, we need a theoretical model which can
recover the halo/galaxy IA as seen in simulations. The
linear alignment model (Hirata & Seljak (2004)) is de-
veloped based on the tidal theory (e.g., Catelan et al.
(2001)) with major assumption that halo/galaxy shape is
determined by the local tidal field. Subsequently, the lin-
ear model is improved on non-linear scales (Blazek et al.
(2011)) and a more comprehensive halo model is also de-
veloped (Schneider & Bridle (2010)). However, in these
analytical models the halo bias is neglected, and galaxy
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2TABLE 1
Simulation Parameters
Name ΩM ΩΛ Ωb h L (h
−1Mpc) mp(h−1M)
L500 0.28 0.72 0.045 0.7 500 3.4× 108
C4 0.26 0.74 0.045 0.7 1000 2.5× 109
bias is presented only in the second order of power spec-
trum for galaxy IA. Thus, it is still not clear if the ana-
lytical model can account for the simulated galaxy IA in
detail, such as the dependence on galaxy formation time
and environment. As a further step to model the galaxy
IA in detail, in this paper we use N-body simulation to
study halo IA, especially we present the first measure-
ment of halo IA with dependence on halo formation time
and cosmic environment. We also investigate if the linear
model with inclusion of halo bias can explain the halo IA
with dependence on formation time and cosmic environ-
ment.
Our paper is organized as follows. In Sec.2 we intro-
duce our simulation data, the method to clarify the large
scale structure and the modified analytical model to de-
scribe the halo IA. In Sec.3 we present the simulation
results on halo IA with dependence on halo mass, forma-
tion time and large-scale environment, and we also show
how our slightly modified linear tidal model can fit the
mass and formation time dependence of halo IA. In Sec.4
we present the results on the halo alignment correlation
functions and investigate the origin behind the oscillation
of halo IA on very large scales. In Sec.5 we summarize
our results and briefly discuss their implications.
2. METHODOLOGY
In this section, we introduce the simulation data, cal-
culation of halo IA and definition of the large-scale en-
vironment of the halo. We will also show the slightly
modified linear tidal model to describe the halo IA in 3D
coordinate measured from our simulations.
We use two cosmological N-body simulations in this
paper. One is the Pangu simulation, carried out by
the Computational Cosmology Consortium of China (Li
et al. (2012), hereafter this simulation is abbreviated as
C4), which simulated the evolution of the universe in a
cubic box with each side of 1000h−1Mpc. The other
simulation is a part of the ELUCID project (Wang et al.
(2014, 2016), Li et al. (2016)) with box-size 500h−1Mpc
(Hereafter L500). Both simulations are run by the
GADGET-2 code (Springel (2005)) with 30723 particles
and the cosmological parameters can be found in Table
1. Note that the cosmological parameters in the two sim-
ulations are very close and we do not expect significant
difference on our results, and we will also show compar-
ison between them.
Using the friends-of-friends (FOF) algorithm with a
linking length b = 0.2 of the mean particle separation,
we identified dark matter halos in both simulations. For
each halo, we project its dark matter particles along one
axis of the simulation box and calculate the halo’s re-
duced 2D moment of inertia tensor Iij (Bailin & Stein-
metz (2005)) as,
Iij =
∑
k
mαxk,ixk,j
x2k
, withi, j ∈ {1, 2}, (1)
where xk is the distance of the kth particle to the halo
center which is set as the position of the most bound
particle. The eigenvalues λ1, λ2 (λ1 > λ2) of the inertia
tensor then define the axis ratio q = λ2/λ1. Then, fol-
lowing Heavens et al. (2000) and Jing (2002), we define
the halo shape by the ellipticity vector,
 =
1− q2
1 + q2
(cos 2α, sin 2α)T = (1, 2)
T , (2)
which in the complex form reads,
 = 1 + i2 =
1− q2
1 + q2
exp (i2α) . (3)
where α is the position angle of the halo measured anti-
clockwise from x-axis.
As pointed by earlier studies (Jing (2002); Bailin &
Steinmetz (2005)), a lower limit of particle number (≈
300 particles) in the halo has to be used to get a con-
verged shape measurement. To ensure a safer measure-
ment, in this work we select halos with more than 500
particles. In addition, it is found that the halo shape is
also dependent on the linking length to find halo in the
FOF algorithm. Croft & Metzler (2000) had shown that
this can lead to the discrepancy of halo IA at the low-
mass end. We will later show comparison of our results
with Jing (2002).
To define the local large-scale environment of a halo,
we use the Hessian matrix of the density field at the
position of the halo (e.g., Arago´n-Calvo et al. (2007)).
Adopting the Cloud-in-Cell (CIC) algorithm, the den-
sity field is smoothed via a length of 2h−1Mpc and the
Hessian matrix of the smoothed density field ρs at halo
position is described as,
Hij =
∂ρs
∂xi∂xj
, (4)
The eigenvalues of the Hessian matrix define the large-
scale environment of the halo, and it can be classified
into cluster, filament, sheet and void, depending on the
sign of the eigenvalues. By ordering the eigenvalue as
λ1 > λ2 > λ3, the environment is linked as,
(−,−,−)→ cluster
(+,−,−)→filament
(+,+,−)→ sheet
(+,+,+)→void
We note that this way of defining LSS environment
is different from the tidal environment defined in Hahn
et al. (2007) in which the Hessian of the potential (i.e.,
tidal field) is used and classification is done using an op-
posite signature of eigenvalues. In Fig. 1, we plot the
halo mass function in cluster and filament environment
from the two different classification schemes, and in Ta-
ble 2, we list the ratio of each LSS environment under
the two classification methods. It is seen from Fig. 1
that the halo mass functions agree well in the two en-
vironments. By checking the environment of each halo,
we find that 77% of all halos keep their environment un-
changed and 23% of them changed when changing the
classification method. For this paper, we will adopt the
density-Hessian classification scheme. We will still be
3Fig. 1.— The mass function of halos in clusters (black) and fila-
ments (red) from L500 using Density-Hessian classification (solid)
and Tidal-Tensor classification (dotted).
using the density Hessian as “tidal field” in our context,
but the reader should be aware of the mentioned differ-
ence when comparing with previous studies which adopts
tidal tensor. We also direct the reader to Libeskind et al.
(2017) for detailed comparison and discussions on differ-
ent LSS classification schemes.
TABLE 2
LSS Environment Ratios (%)
Cluster Filament Sheet Void
Density Hessian 20.0359 61.8152 17.7563 0.3926
Tidal Field 19.3583 58.0268 21.1922 1.4227
In Total Same Different
76.9173 23.082
Basically the environment of the halo is related to its
mass: usually massive halos live in cluster regions and
low-mass halos live in sheets and voids. The halo shape is
also closely related to the eigenvector of the environment,
for a short summary of how halo shape is related to the
environment and its physical origins, we refer the reader
to the paper by Kang & Wang (2015) and Wang & Kang
(2017) and references therein.
Now we describe how the halo IA is usually defined
in the weak lensing theory. Following the conventional
description (Heavens et al. (2000); Jing (2002)), for a
pair of halos (halo 1 and halo 2), let w1 = x1 + iy1 and
w2 = x2 + iy2 be projected positions of two halos in the
complex plane, and call the direction defined by ϕ =
arg(w2 −w1) (anti-clockwise from the positive real axis)
as the separation direction . Then, for this pair of halos
we can define the tangential shear γt and the cross shear
γx
γt = −Re ( exp(−2iϕ)) , γ× = − Im ( exp(−2iϕ)) ,
(5)
where  is the complex shear of a given halo de-
fined in Eq. 3. The halo IA is usually defined as
c11(r) = 〈γt(0)γt(r)〉, sometimes also labeled as η1(r),
and 〈γ×(0)γ×(r)〉 is labeled as c22(r).
By assuming that galaxy shapes are determined by
their local tidal shear, the linear alignment model (Hirata
& Seljak (2004)) suggests that galaxy ellipticity is:
γI(t,×) = −
C1
4piG
(∇2x −∇2y, 2∇x∇y)S[ΨP ], (6)
Where C1 is a free parameter which can be determined
by fitting the observed galaxy IA. Up to now, most stud-
ies have determined the value of C1 by fitting the IA cor-
relation of low-z massive galaxies (luminous red galaxies)
as a whole. So it is not clear how the normalization will
vary as a function as galaxy luminosity. Also as the fit-
ting is for galaxy IA, it is not clear if the tidal model
(Eq. 6) can describe the IA of dark matter halo and its
mass dependence.
To investigate the impact of galaxy IA on probing cos-
mology, it is important to measure the IA signal in the
shear correlation function, which is defined as,
ξ±(θ) = 〈γtγt〉(θ)± 〈γ×γ×〉(θ) (7)
where θ is the angular separation on the sky. Blazek
et al. (2011) (Eq. 3.5 therein) showed that under the lin-
ear alignment model, the projected tangential and cross
components of the shear correlation function to the linear
order is,
〈γγ〉LA(tt,××)(rp) =
1
2pi2
(
C1ρm,0
D(z)
)2 ∫
dκdkz
κ5
k4kz
Pδ(k, z)
× sin(kzΠmax) [J0(κrp)± J4(κrp)] . (8)
However, for c11 in Jing (2002), the correlation of pro-
jected shapes are calculated at each 3D distance between
halo pairs. We explicitly calculate our model predic-
tion for c11 by first performing the integral ξ±(r) =∫ pi
0
ξ±(rp = r sinφ,Π = r cosφ) dφ. Then, after ana-
lytically integrate over azimuthal angles, we obtain the
final formula
ξ−(r) =
(
C1ρm,0
D(z)
)2
1
4pi
∫ ∞
0
dk
Pδ(k)
k
√
2pi
kr
3pi
8
J 9
2
(kr),
(9)
and,
ξ+(r) =
(
C1ρm,0
D(z)
)2
1
4pi
∫ ∞
0
dk
Pδ(k)
k
√
2pi3
kr
×
(
9
280
J 9
2
(kr) +
4
21
J 5
2
(kr) +
56
105
J 1
2
(kr)
)
, (10)
where Jn+ 12 is the Bessel function of half-integer or-
der. Hence, by relation c11(r) = 〈h+h+〉(r) = 12 (ξ+(r) +
ξ−(r)), we now have the prediction of c11(r) from the
linear alignment theory.
Since we are calculating the shear correlation functions
at halo positions, we will be using Pδ,h instead of Pδ in
the above equations. For halos at fixed mass, the power
spectrum at halo position is Pδ,h(M) = b2h(M) Pδ, where
bh is the halo bias. The fact that we will be calculating el-
lipticity correlation of halos within different mass ranges
suggests that we should extend to, Pδ,h(Mh ≥M), which
by conditioning on halos with mass Mh ≥M and to lin-
ear order:
Pδ,h(Mh ≥M) = b2h(Mh ≥M)Pδ, (11)
4Therefore, we get the mass-dependent c11 for halos
c11(r,≥M) =
(∫∞
M
bh(M
′)Φ(M ′)dM ′∫∞
M
Φ(M ′)dM ′
)2
〈h+h+〉(r),
(12)
where Φ(M) is the halo mass function which can be ob-
tained for given cosmology.
3. DEPENDENCIES OF HALO INTRINSIC
ALIGNMENTS
3.1. Mass dependence of halo IA
In Sec.2 we have outlined the theoretical model for halo
IA and in this section, we compare the simulation results
to model predictions to see if the linear model can fit the
mass dependence of halo IA.
First we note that, as pointed by Jing (2002), when
calculating c11 from Eq. 5, not only the direction of the
halo shape is correlated, the ellipticity of the halo is also
taken into account (the term (1− q2)/(1 + q2)), so is for
the theoretical description by Eq. 6. So basically that
is the ellipticity weighted c11. In fact we can also only
consider the orientation correlation by assuming that q =
0 (unweighted by ellipticity) in the simulations. In Fig.2
we show the measured weighted and unweighted c11 for
halos larger than given mass in the left and right panel.
The circles are from L500 simulation and diamonds are
from C4. For clarity, the result for different halo mass bin
has been shifted by different factors. It is found that the
results from the two simulations agree quite well for both
weighted and unweighted correlations. For the following
we will only show results from the L500 simulation unless
otherwise stated.
Jing (2002) measured the weighted c11 from their simu-
lation, and found it can be well fitted by a simple formula
with mass dependence as,
cYPJ11 (≥Mh; r) =
3.6× 10−2
(
Mh
1010 h−1M
)0.5
r0.4 (7.51.7 + r1.7)
, (13)
We plot their fitting as dashed lines in Fig. 2. It is worth
noting that their fitting formula was intended for FoF
halos with a linking length with b = 0.1. As pointed in
Jing (2002) the mass of FOF halo using b = 0.1 is about
half of the FOF halo mass with b = 0.2. Therefore, the
dashed lines here are plotted using the fitting formula
but with half of the halo mass in our simulation (with
b = 0.2). It is found that the fitting formula can also well
fit our results except at the low mass end where our c11
is lower than that of cYPJ11 . It indicates that c11 in our
simulation has a slightly stronger mass dependence. As
shown by Croft & Metzler (2000), such a slight difference
is expected as the measured halo shape is slightly dif-
ferent with different link length, especially for low-mass
halos. In addition, given the additional difference in cos-
mological parameter, simulation box and resolution, we
believe such a slight difference is acceptable. The right
panel shows that without considering the halo ellipticity,
our c11 agrees with the fitting formula much better. We
also note that for the unweighted c11 the fitting formula
is multiplied by a factor of ∼ 6 to produce good match
with the data, similar to the finding of Okumura et al.
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Fig. 2.— The ellipticity correlation function c11 of halos from
L500 (circles connected with solid lines) and C4 (diamonds con-
nected with solid lines) simulations at z = 0. The results for dif-
ferent halo mass bins (log(M/(h−1M)) > 12, 13, 13.5, 14 (from
bottom to top) have been multiplied by 1, 10, 100 and 1000 re-
spectively for clarity. The fitting formula from Jing (2002) is shown
as blue dashed lines in both panels. Left: the ellipticity weighted
correlation. Right: no ellipticity included, only halo orientation is
correlated.
(2009). The fact that the fitting formula at q = 0 works
well also confirms that the difference seen in the left panel
for low mass halos mainly comes from randomness of halo
ellipticities at low mass.
In Fig. 3 we compare our simulation results to the the-
oretical model. The left panel is the same as that of
Fig. 2, but now the dashed lines are the model predic-
tions (Eq. 12). For the theoretical model we adopted the
halo bias from Pujol & Gaztan˜aga (2014) and the halo
mass function Φ(M) is taken from our simulation. For
the power spectrum we used the nonlinear power spec-
trum from halofit Peacock & Smith (2000) adhering to
the L500 cosmological parameters. In addition, to better
match the real power spectrum in simulation we added
Cloud-In-Cell window function Cui et al. (2008) with a
2h−1Mpc smoothing kernel in the computation. We tune
the free model parameters for weighted and unweighted
c11 respectively to better match the simulation results
for the highest mass bin (upper line). It is seen that the
simulation results can be well matched by the theoretical
predictions, indicating that it is mainly the halo bias ac-
counting for the mass dependence of halo IA, c11. Again
we find that the mass dependence in the simulation is
slightly stronger than the linear tidal model. The right
panel shows a better agreement on the unweighted c11
with the model. The better agreement on the unweighted
c11 indicates that the correlation between direction of the
halo (major axis) is better described than the ellipticity
by the linear tidal model.
In the right panel of Fig. 3 we plot the c11 at z = 1 as
an additional test of the linear tidal model. Amazingly,
the agreement at higher redshift is also good and even
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Fig. 3.— The ellipticity correlation function c11 of halos at two redshifts. Left: correlation at z = 0. Similar to Fig. 2, but the dashed
lines are the theoretical model predictions. Right panel: the correlation at z = 1.
better than the z = 0 results. This is also expected as it
is known that the tidal field at earlier time can be bet-
ter described by the linear theory. Following equation
(B.5) in Joachimi et al. (2011), we also note that the ra-
tio between the free parameter in our unweighted model
C1(z=1)ρm,0
D(z=1) /
C1(z=0)ρm,0
D(z=0) ≈ 1.40 is slightly lower than the
ratio from the linear growth factor D(z = 0)/D(z = 1) ≈
1.61. This indicates that the redshift evolution can be
roughly captured by the power spectrum at different red-
shift, yet there is still other factors which is absorbed in
the normalization factor C1 which should slightly depend
on redshift.
3.2. Formation time and environment dependence
It is well known that halo properties, such as concen-
tration and bias, are closely related to halo formation
time (e.g., Navarro et al. (1997); Gao et al. (2004)). In
this section we investigate whether the halo IA is also de-
pendent on halo formation time. Here, we use the most
common definition of formation time, zf , at which the
mass assembled in the main progenitor of a halo is half of
its present (z=0) mass, i.e., Mh(z = zf ) =
1
2Mh(z = 0).
As there is a strong correlation between halo formation
time and its mass (e.g., Navarro et al. (1997)), we se-
lect halos in a few narrow mass bins and divide the 20%
oldest and youngest halos into the old and young sam-
ples. In addition, as we will soon see that halo IA is also
dependent on their environment, we refine the old and
young halo samples to make sure they have the same dis-
tributions of cosmic environment as identified in Sec. 2.
In Fig. 4, we plot the unweighted c11 signal for old
and young halos in a few mass bins. It is seen that in
low-mass bins (lgM < 12.5), old halos have stronger
alignment than young halos and at intermediate scales
∼ 10Mpc/h, the IA of old halos is around 2 times of
the young halos. For massive halos (lower right panel)
the difference between the two samples is small. This
trend can be quantitatively explained by our tidal align-
ment model (Eq. 12) with inclusion of halo bias. These
difference of halo IA in old and young halos are in good
agreement with the dependence of halo bias on formation
time as found by Gao et al. (2004).
Previously, to explain the mass dependence of halo IA,
Smith & Watts (2005) argued that massive halos are
stronger aligned as they are formed later, so they have
less time to virialize and still keep the memory of the
tidal field that they collapsed within. Our results above
show that halo IA is dependent on both halo mass and
the formation time, and it can be understood using our
linear model in terms of halo bias with its dependence
on mass and formation time separately.
Many studies have shown that halo spins are corre-
lated with the large-scale environment (e.g., Hahn et al.
(2007), Kang & Wang (2015) and references therein).
There is also a strong possibility that halos IA will also
depend on the large-scale environment. In this part we
compare the halo IA in different environments, mainly
in cluster and filament. We select question halos with
mass > 1012 h−1M, and label those in cluster and fil-
ament environment as pure Qclu and pure Qfil sample
respectively. As halo mass is strongly correlated with
its environment (e.g.,Hahn et al. (2007)) that halos in
cluster environment are usually larger, therefore, direct
comparison of c11 between these two samples will suf-
fer from significant mass-dependence effect as seen in
previous section. So we construct two control samples,
Qcontrolclu and Q
control
fil respectively, ensuring they have the
same halo mass distribution as the pure cluster/filament
samples, but regardless of their environment.
After eliminating the halo mass dependence, to see if
610−5
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Fig. 4.— Unweighted halo ellipticity correlation function c11 (q =
0) at z = 0 for old and young halos in a few mass bins. The
difference between their correlation is decreasing with halo mass,
consistent with the age dependence of halo bias as function as halo
mass.
there is additional difference in the formation time be-
tween the question and control samples, we plot their
formation time distributions in Fig. 5. By comparing
the solid and dashed lines, it is seen that under the
same mass distribution the formation time is identical
between the question and control sample. Previous work
(e.g., Hahn et al. (2007)) have found for low-mass halo
(< 1012 h−1M), the formation time has dependence on
the environment, in which cluster halos form earlier than
those in filaments and voids, but for massive halos there
is no environmental dependence. As we are looking at ha-
los larger than 1012 h−1M, our results agree well with
their results. The formation time of halos in cluster envi-
ronment is slightly lower than the halo in filaments, this
is because the average halo mass in cluster is larger, so
the formation time is lower.
In Fig.6, we plot c11 for the pure cluster/filament sam-
ples in solid lines and the control samples in dashed lines.
The errorbars are taken from 10 realizations of the con-
trol samples. We find that under the same mass distri-
bution, c11 from halos in cluster environment (red solid
line) is much stronger than the control sample which has
a mixture of different environments (red dashed line).
On the other hand, the c11 for halos in filament (blue
solid) is much weaker than that in the control samples
(blue dashed). The difference between solid lines includes
both mass and environment dependence. The fact that
c11 for Q
control
clu is higher than that of Q
control
fil is mainly
due to the mass dependence.
In order to understand the origin of environment de-
pendence of halo IA and to see if it can be explained by
halo bias as introduced in our theoretical model in Sec. 2,
here we investigate the halo bias in different environment.
We calculate the cross-correlation function ξhm between
the halos and the dark matter particles. For references
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Fig. 5.— Formation time distribution for question (solid) and
control (dashed) samples of halos in cluster and filament environ-
ment.
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Fig. 6.— Ellipticity correlations (unweighted) at z = 0 for ha-
los in cluster and filament environment. The results for question
samples are shown in solid lines and control samples in dashed
lines. The control samples have the same halo mass distribution
as the corresponding question samples. The error bars are from 10
realizations of the control samples.
we also calculate the auto-correlation function ξmm of
the background particles.
In Fig. 7, we show the cross-correlations of halos
in different environment with the background particles.
Firstly we note that, below the scale ∼ 2h−1Mpc, the
halo-matter cross-correlation function mainly describes
the clustering of dark matter particles inside halos.
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Fig. 7.— The cross-correlations in different cosmic environ-
ment. The black dashed and dotted lines are the halo-mass cross-
correlation for halos in cluster and filament, and red/blue lines are
for the corresponding control samples. The black solid line is the
auto-cross correlation of the background mass distribution. Clear
cosmic environment dependence on large-scale is seen that clus-
ter halos have lower clustering (bias) than the background mass
distribution, and filament halos have higher bias.
Therefore, this part of the correlation function mainly
depends on the average halo mass in the studied sam-
ple. Since the question and control samples have the
same mass distribution, the clusterings on small scales
are very similar between them.
On scales beyond 2h−1Mpc, the cross-correlation func-
tion then reflects the level of clustering between particles
in different halos. It is found that halos in cluster envi-
ronment (black dashed line) is less clustered than halos
in filament environment (black dotted line). The con-
trol samples have similar clustering as the corresponding
question samples on small scales, but on large scales they
are similar to the background dark matter particles, and
the control cluster sample (red dashed line) has slightly
higher correlations than the control filament sample (blue
dashed line) due to their higher average halo mass.
The higher clustering on large scales for halos in fila-
ment than halos in cluster is unexpected. We note that it
is not due to the formation time difference between the
two sample, as Fig. 5 shows that their formation time
distributions are very similar. Interestingly, in a recent
paper by Borzyszkowski et al. (2016) from the ZOMG
project, the author found that stalled (filament) halos
has a larger halo bias bh > 1 than the accreting (cluster)
halos with bh < 1. The environment dependence is also
recently confirmed by Yang et al. (2017) who study the
halo bias in much more detail using the ELUCID sim-
ulations, and they also find that cluster halos are less
clustered on larger scale. More recently, Paranjape et al.
(2017) has found some very interesting results. Although
they used a different method to define the large-scale en-
vironment (the anisotropy factor αR), they found that
halo bias evolves smoothly with αR, and in particular,
halos in isotropic (node) environment have a negative
bias while those in anisotropic (filament) environment
have a positive bias (see their Fig.12). This is qualita-
tively in agreement with our results in Fig. 7. In general,
our results agree with the recent findings.
The fact that halo bias is higher in filament and lower
in cluster is opposite to the trend of environment depen-
dence seen in Fig. 6, and therefore we cannot use the
halo bias term in our theoretical model to explain the
environment dependence in halo IA. These two opposite
trends for large-scale environment dependence also sug-
gests that additional factors other than halo bias must
be taken into account to understand this difference. In
particular, these factors need to produce a significant dif-
ference in halo IA between cluster and filament to over-
come any halo bias effect and result in the final c11 that
we see in Fig. 6.
One of such potential factors is the level of align-
ment between halo orientation and the large-scale en-
vironment. The basic assumption in the linear align-
ment model (Hirata & Seljak 2004) is that halo shape
is perfectly aligned with the tidal field. As reported in
Zhang et al. (2015), and Kang & Wang (2015), although
the halo shape is strongly correlated with the local tidal
field, there is still a mis-alignment with dependence on
halo mass and environment. Here we calculate the align-
ment between the major axis (v1) of the halo shape and
the direction of the tidal field, i.e., e3 from the Hessian
matrix, which is the direction of the slowest collapse di-
rection (for detail, see Kang & Wang 2015). We calculate
their alignment as,
e3 · v1 = cos θ (14)
where larger | cos θ| means that the halo major axis is
better aligned with the tidal field.
In Fig. 8, we plot the probability distribution
of | cos θ| for halos in three mass bins Mhalo >
1012, 1013, 1013.5h−1M and in both filament and clus-
ter environment. It is found that halos in clusters have
a stronger alignment with local tidal field in all mass
ranges. This result, given that large scale tidal field cor-
relation underlies the large scale IA (Catelan & Porciani
(2001)) , provides a plausible reason of why the halo IA
being stronger in clusters and weaker in filaments. We
believe this effect should be taken into account to fully
explain the environment dependence of halo’s intrinsic
alignment. In this paper we do not study this effect in
details.
4. THE ALIGNMENT CORRELATION FUNCTION
In Sec.3, we have shown the dependence of halo IA
and comparison between simulation results with theoret-
ical model predictions. There the halo IA is defined in a
way similar to the one often used in weak lensing analy-
ses. In fact the halo alignment has been measured in an-
other way, called alignment correlation function (ACF),
in which the halo clustering is a function of the direction
along one halo axis (e.g., Faltenbacher et al. (2009)). Al-
though the ACF and halo IA can be connected (espe-
cially GI term Blazek et al. (2011)), the ACF provides
more direct insight on how halos/galaxies are correlated
along their major or minor axes. An illustration of the
ACF statistic is shown in Fig. 9 where θp is the angle be-
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Fig. 9.— Left: Illustration of the pointing angle θp and β; Right: Exaggerated illustration of the alignment correlation function.
tween the major axis of a halo and the separation vector
to another halo.
Given a sample of halos in question (sample Q) which
is a subset of the reference sample G, the ACF ξ(θp, r)
is defined as (Faltenbacher et al. (2009)),
ξ(θp, r) =
NR
NG
QG(θp, r)
QR(θp, r)
− 1, (15)
where R is a random sample.
The halo and galaxy ACFs have been measured in a
few studies (Faltenbacher et al. (2009), Smargon et al.
(2012), Li et al. (2013), Chisari et al. (2016), Chisari
et al. (2015)). Li et al. (2013) showed the direct measure-
ment of the ACF using CMASS galaxy catalogue, and in
the meantime calculated the ACF for dark matter halos
using cosmological simulation. They found evidence that
galaxies and halos are more clustered than the average
within a spanned region θp = (0
◦, 30◦) around the major
axis and less clustered within θp = (60
◦, 90◦) at almost
all scales. Furthermore, they found the correlation can
be seen up to very large scales at around 70h−1Mpc.
The results of Li et al. (2013) motivate us to study halo
ACFs with their dependence on environment and inves-
tigate the origin of the correlation on very large scales.
Here we present an investigation on the environment
dependence of halo ACF. In order to look for signals
on very large scales, we use the full halo sample in the
C4 simulation with box-size of 1h−1Gpc at z = 0.6 (to
match the Li et al. (2013) data from observations) as the
reference sample G (NG = 12, 640, 839), and we use the
set of halos with mass Mh ≥ 1012 h−1M as sample Q.
The random sample R is generated with NR/NG = 10.
We divide halos in sample Q into two samples, Qclu and
Qfil, based on their environment identified as cluster and
filament. In the upper panel of Fig.10 we plot the ACFs
for these samples.
Fig. 10 shows a few interesting features. First, it is
found that without limitation on the alignment angle θp,
the halo ACF in cluster (red solid line) is lower than
halos in filament (blue solid line). This is consistent with
the results in Fig. 7 although there it plots the cross
correlation between halo and dark matter and here we
show the halo-halo cross-correlation. The halo ACF also
displays a peak at around 110h−1Mpc, which is exactly
the signal from the baryon acoustic oscillations (BAO).
Secondly, it is found that in agreement with Li et al.
(2013) the halo ACF with 0◦ < θp < 30◦ (dashed lines)
is higher in both filament and cluster environment than
the average, indicating that halo clustering is enhanced
along their major axes. Accordingly, the clustering is
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Fig. 10.— The halo alignment correlation functions. Upper
panel: halo ACFs along different alignment angles. Red lines are
for halos in cluster environment and blue for filament environment.
Dashed lines are for correlations along the major axes of the halos
(0◦ < θp < 30◦) and dotted lines are for correlations along the
minor axes of the halos (60◦ < θp < 90◦). Black lines are for ha-
los with no limit on the alignment angle. Lower panel: the ratio
between halo ACF along different angles to the halo correlations
with no limit on the alignment angle.
decreased with 60◦ < θp < 90◦. An illustration of this
effect is seen in the right panel of Fig. 9.
In the lower panel of Fig. 10 we show the ratio be-
tween halo ACFs along different alignment angles with
the average ACFs in the cluster and filament environ-
ment, respectively. The dashed lines are for halos clus-
tering along the major axes (0◦ < θ < 30◦) and the dot-
ted lines are for results along the minor axes of the halos
(60◦ < θp < 90◦). It is seen that although the halo ACF
is lower in cluster, but the correlation along the major
axis is significantly enhanced in cluster than in filament.
It is also interestingly found that the clustering along the
minor axes will become negative at some scales with de-
pendence on halo environment. For example, for halos
in cluster the ACF is negative at r > 35h−1Mpc and
reaches the lowest dip at around 90h−1Mpc after which
it increases to the peak at around 110h−1Mpc. For ha-
los in filament, the clustering along minor axes becomes
negative at around 70h−1Mpc and reach a dip at around
90h−1Mpc. These results indicate that halo in clustering
environment has a strong dependence on the alignment
angle.
In addition to the halo ACF, we also calculate the
alignment signal cos(2θp) over correlated pairs, which is
defined in Faltenbacher et al. (2009) as
〈cos(2θp)〉cor(r) =
∫ pi/2
0
cos(2θp)ξ(θp, r)dθp∫ pi/2
0
ξ(θp, r)dθp
, (16)
and is estimated by
〈cos(2θp)〉cor(r) =
QGθp(r)
QG(r)− (NG/NR)×QR(r) , (17)
In the left panel of Fig. 11, we show the calculated
〈cos(2θp)〉cor for above samples together with CMASS
measurement from Li et al. (2013). It is seen that for all
halo sample (black line), the ACF is larger than observed
galaxy ACF (data points). This is not surprised, as Li
et al. (2013) have obtained similar results and they also
showed that a mis-alignment between galaxy orientation
and halo orientation has to be included so as to dilute the
halo ACF to agree with the data. As here we are focusing
on the environmental dependence, we do not show such
a test.
What is interesting in the left panel of Fig. 11 is that
the ACF is stronger in cluster environment than the fila-
ment environment and both have oscillations with a peak
around 90h−1Mpc. This environment dependence seems
to be inconsistent with the above results that halo ACF is
stronger in filament environment. In order to understand
the physical origin of the oscillation of the 〈cos(2θp)〉cor
on large scales and the environment dependence in more
detail, we take a further look at the cos(2θp)cor statis-
tic and find that the estimator in Eq. 16 can be decom-
posed into two parts. By recognizing the two-point cross-
correlation function as ξ = NRNG
QG
QR − 1, the estimator of
〈cos(2θp)〉cor statistic is equivalent to
〈cos(2θp)〉cor =
QGθp
QG
ξ + 1
ξ
= 〈cos(2θp)〉avg(1 + 1
ξ
) (18)
where 〈cos(2θp)〉avg is the mean value of cos(2θp) over all
halo pairs instead.
The above equation shows that the correlated halo
alignment cos(2θp)cor is determined by two components,
one is the halo correlation and the other is the average
halo alignment angle in all pairs. In region where the halo
correlation ξ is very small (ξ << 1), the correlated align-
ment signal cos(2θp)cor is the average alignment cos(2θp)
divided by the halo correlation. We have shown the one
component, the clustering for halos ξ(r), in filament and
cluster in Fig. 10 and here we plot the other component,
average halo alignment angle, for halos in different envi-
ronment in the right panel of Fig. 11.
The right panel shows that the average alignment an-
gles of halos are very similar between filament and clus-
ter environment, and it decreases with halo separation.
As the clustering of halo in cluster environment is much
lower than that of filament (red and blue solid lines in
Fig. 10) and cos(2θp)cor is proportional to 1/ξ(r), so it
leads to a higher correlated halo alignment angle in clus-
ters. The oscillation in the clustering at 90h−1Mpc <
r < 120h−1Mpc due to the BAO effect also explains the
peak and dip of halo correlation alignment seen in the left
panel of Fig. 11. It is also interesting to note that the
correlated halo alignment cos(2θp)cor in cluster is higher
than 1 at r ∼ 90h−1Mpc. This seems to be impossible
from the definition in Eq. 16 where it implies that the
statistic should range between -1 and 1. However, it is
true only when the halo ACF (ξ(θp, r)) in Eq. 16 is al-
ways positive. We have seen from Fig. 10 that the halo
ACF is negative for 60◦ < θp < 90◦ at some distances,
so the product of two negative components, ξ(θp, r) and
cos(2θp), leads to a positive value and results in a final
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Fig. 11.— The correlated and average halo alignment angles. Left: The correlated alignment angle, cos(2θp)cor, for correlated halo pairs
in filament (blue), cluster (red) and all environment (black). The data points are from measurement in Li et al. (2013) using CMASS
galaxies. Right panel: the average alignment angle,cos(2θp), for all halo pairs in different environment.
cos(2θp)cor being larger than 1 at some distances.
Finally, we note the seeming inconsistency between the
environmental dependence of c11 (higher in cluster) and
the ACF (higher in filament). The ACF is the clustering
along the halo major axis, so ACF is mainly dominated
by halo clustering. In Fig. 7 we have shown that halo
clustering is higher in filament, so the ACF is also higher
in filament than in cluster. On the other hand, c11 (un-
weighted by halo ellipticity) measures the average of the
product of “cos 2θp” between halo pairs, and it can be
written as,
c11 =< cos 2θ cos 2β > (19)
=
∫ pi/2
0
∫ pi/2
0
cos 2θp cos 2β
QQ(θp, β, r)
QQ(r)
dθpdβ (20)
=
∫ pi/2
0
∫ pi/2
0
cos 2θp cos 2β
1 + ξ(θp, β, r)
ξ(r)
dθpdβ,
(21)
where the definition of θp, β can be found from the halo
configuration on the left of Fig. 9. It is seen that c11 arises
from two terms. The term (1 + ξ(θp, β, r))/(1 + ξ(r)) is
the enhancement of clustering along halo major axis. We
have shown in Fig. 8 and lower panel of Fig. 10 that in
cluster environment, halo major axis is better aligned
with the tidal field and the clustering is significantly en-
hanced along the halo major axis than those in filament.
We also found that the term cos2θ cos 2β is higher for
halo pairs in clusters than those in filament. Therefore,
the environment dependence of c11 and ACF enhance-
ment are consistent with each other, as both can be ex-
plained by the alignment between halo major axis and
tidal field.
5. SUMMARY AND CONCLUSION
Intrinsic alignment of galaxies is a result of complicated
physics of galaxy formation and the tidal interaction of
dark matter halo with the large-scale structure. Galaxy
intrinsic alignment has demonstrated its importance as a
challenge to weak lensing in the era of precision cosmol-
ogy. Understanding the dependence of galaxy intrinsic
alignment on galaxy properties is a key step to model
its effect on the cosmic shear and other useful statistics
in the weak lensing survey. As a first step it is impor-
tant to understand the halo intrinsic alignment with its
dependence on mass, formation time and large-scale en-
vironment. In this paper we make use of two N-body sim-
ulations to investigate these dependences and the main
results are summarized as followings:
1. Intrinsic alignment of dark matter halo has long
been found to be higher for massive halos in N-
body simulations (Jing (2002)). However, the halo
alignment and its mass dependence are often ne-
glected in the linear model for galaxy alignment
and it is not clear whether the linear tidal model
(e.g., Hirata & Seljak (2004)) can describe the halo
intrinsic alignment and its mass dependence. By
modifying the linear alignment to its 3D form and
including the halo bias term, our slightly modified
model is able to predict the mass dependence for
halo intrinsic alignment in simulations. The red-
shift dependence can also be closely followed using
the nonlinear power spectrum at different redshift.
2. We find that for given mass, older halos have
stronger alignment than younger halos. The trend
in halo formation time can be well captured by our
modified linear alignment model and the difference
in formation is consistent with that of halo bias
found by Gao et al. (2004). Our results confirm
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that halo formation time is an independent factor
in determining the intrinsic alignment.
3. We have measured the halo alignment correla-
tion function from the C4 simulation. In agree-
ment with previous results (e.g., Faltenbacher et al.
(2009); Li et al. (2013)), we find that the halo clus-
tering is significantly enhanced along the halo ma-
jor axes and is less clustered along the minor axes.
4. For halos in different large-scale environments, the
c11 is found to be higher in cluster and lower in
filament. A further look into the dark matter-halo
cross-correlation function reveals an opposite trend
that halo bias is stronger in filament than in clus-
ter. Such a bias with dependence on environment
is consistent with recent findings (e.g., Paranjape
et al. (2017), Yang et al. (2017)). This opposite
trend in halo bias can explains the environment
dependence in ACF, but not the c11. We find that
the enhancement of ACF in cluster is much more
stronger than in filament, which can explain the en-
vironmental dependence in c11. The enhancement
of ACF along the halo major axes is due to the
alignment between halo shape and the tidal field
and this effect is stronger in cluster. Our results
suggest that, beside the halo bias, the linear tidal
model for halo alignment should also include a fac-
tor to describe the correspondence between halo
shape and the local tidal field, as well as its envi-
ronmental dependence.
5. Furthermore, we have found that the align-
ment angle between correlated halo pairs has a
peak at around 90h−1Mpc and a dip at around
110h−1Mpc. We pointed out that such an oscilla-
tion is caused by the baryon acoustic oscillation.
Finally, we note that the study of halo IA still needs
to be extended in future work to model galaxy IA in or-
der to shed more light on weak lensing observations. In
the language of halo model, this paper mainly focused on
two-halo term and therefore does not include any recipe
for the one-halo alignment for satellite galaxy. For a de-
tailed discussion of the effect of satellite alignment on
observed lensing signal, we refer readers to Wei et al.
(2017, in prep). On the other hand, the formation time
dependence on halo IA can be an important feature to
look for in galaxy surveys. Observations have found the
ACF signal using CMASS galaxies, and the environment
dependence on ACF can be tested using galaxy cata-
logues with LSS classification, e.g., GAMA. In general,
the above dependencies in alignment statistics can be ex-
tended to galaxy IA statistics, which would be useful for
future development in galaxy IA both theoretically and
observationally.
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